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1.1. $X$ $S^{1}$ $I$ .
$X$ , $X$ 2
. 2 . $X$
. $2n$
$n$ , $X$ $n$
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1: 4
. $\mathcal{A}(X)$ grading ,
. ,
$x= \sum_{n-\triangleleft}^{\infty}x_{n}$ , $(x_{n}\in \mathcal{A}_{n}(X))$
$\mathcal{A}(X)$ . , ,
$\Delta:\mathcal{A}(X)arrow \mathcal{A}(X)\otimes \mathcal{A}(X)$
, $A(X)$ . , $X=S^{1}$ , 2
.
, 4 , $\mathcal{A}(S^{1})$ , well-defined
. $\mathcal{A}(X)$ .
2:
, , $P,$ $q$ $X$ , $P$ $q$
, .
$\mathcal{A}(X)$ , $0$ $\hat{\mathcal{A}}(X)$
. $\hat{\mathcal{A}}(X)$ , $\hat{\mathcal{A}}(S^{1})$ .
1.2. $R^{3}$ $K$ ,
$\hat{\mathcal{A}}(X)$ $\hat{Z}(K)$ . $R^{3}$ $C$
$R$ , $C$ $z,$ $R$










. $D_{z_{1},z_{1}’,\cdots,z_{n},z_{\mathfrak{n}}’}$ , 3 $K$ $(z_{1}, z_{1}’),$ $\cdots,$ $(z_{n}, z_{n}’)$
$S^{1}$ , $\# P_{1}$ , $z_{t}$ $z_{i}’$ $K$
$K$ . $t_{1},$ $\cdots,$ $t_{n}$
, $(z_{k}, z_{k}’)$ $t=t_{k}$ $K$ 2 ,
$n$ (Sl) . , $K$ ,
3:
, log $0$ ,
, , , $\hat{A}(S^{1})$
, $\hat{Z}(K)$ $n$ (Sl)
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. , $\hat{Z}(K)$ $\hat{\mathcal{A}}(S^{1})$ . , $0$












$\tilde{Z}(K)$ Kontsevich , Vassiliev Jones
.
4: , 2 $U$
2. KZ associator Kontsevich









,tangle . , $n_{1}$ , $n_{2}$ ,














, $\sigma_{i},$ $\sigma_{i}^{-1}$ , $i$ $i+1$
( ) $R$ .
$R= \exp(\frac{C}{2})\cdot P$
$C$ , $P$ $i$ $i+1$ ,




2.2. Associator $N$ 8 non-associative tangle ,
$\hat{Z}(N)\in\hat{\mathcal{A}}(I^{3})$ ,
. , ,
, $\Phi$ . $\Phi$
, . $A,$ $B$ 9 . $J$
$(($ $)$ $)$
$|$ $|$ $|$





$|-----\cdot\cdot-|$ $|$ $|$ $|\cdot--\cdot---\cdot|$
A $B$
9: $A,$ $B$
, $J$ $A,$ $B$ $\Omega_{J}$
$\Omega_{J}=B^{p_{1}}A^{q_{1}}B^{p_{2}}A^{p_{2}}\cdots B^{p_{9}}A^{p_{g}}$
. 10 . ,
$q_{g}\{q_{1}\{\ovalbox{\tt\small REJECT}_{-----}^{------}--\cdot----------||-----\ovalbox{\tt\small REJECT}------.--=I|\}p_{1}$
10: $\Omega_{J}$
$p(J)= \sum_{k=1}^{g}p_{k}$ , $q(J)= \sum_{k=1}^{g}q_{k}$ , $|J|=p(J)+q(J)$ , $g(J)=g$,
$\zeta_{J}=$
. $\zeta$ , .
$\zeta(k_{1}, k_{2}, \cdots k_{r})=\sum_{n_{1}>n_{2}>\cdots>n_{r}>0}\frac{1}{n_{1^{k_{1}}}n_{2}^{k_{2}}\cdots n_{r}^{k_{r}}}$
$c_{J,0,0}= \frac{(-1)^{q(J)}}{(2\pi\sqrt{-1})^{|J|}}\zeta_{J}$ ,
$c_{J,0,\ell}=(-1)^{\ell} \sum_{J’}m_{J,J’}c_{J’,0,0}$
$J’=(p_{1}’, q_{1}’, \cdots,p_{g}’,, q_{g}’,)$ , $\Omega_{J’}$ $\Omega_{J}$ $B$ $l$




. $J’=(p_{1}’, q_{1}’, \cdots p_{g’}’, q_{g}’,)$ , $\Omega_{J’}A^{\ell’}$ $\Omega_{J}B^{\ell}$ $A$ $k$
$A,$ $B$ , $m_{J,J’}$









, $J$ $\phi$ $c_{\phi,0,0}=1$ . $m\leq 2$ ,
$c_{(1,1),0,0}= \frac{\zeta(2)}{4\pi^{2}}$ , $c_{\phi,1,1}=- \frac{\zeta(2)}{4\pi^{2}}$
$\Phi=1+\frac{\zeta(2)}{4\pi^{2}}(BA-AB)+\cdots$
. , $\Phi^{-1}$ $\Phi$ $A$ $B$ .
associator , $X$ $D$ $X$





11: $X$ $C$ $\Delta_{C}$
$C$ 1 , $D$ $C$ ,
$C_{1}$ $C_{2}$ . $C$
$n$ , $C_{1}$ $C_{2}$ , $2^{n}$
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, $\Delta_{C}(D)$ . , $n$
$\Delta_{C}^{(n)}=\Delta_{C_{n-1}}\cdots\Delta_{C_{2}}\Delta_{C}$
. associator $\Phi$ 3
. non-associative tangle Kontsevich
.
3. Pentagon, Hexagon Tangle Kontsevich
. , non-
associative tangle
, pentagon hexagon .










3.3. $\mathcal{A}_{h}(I^{3})$ $I^{3}$ $A,$ $B,$ $C$ , 1




. $\hat{\mathcal{A}}(I^{3})$ , ,
( . ) . $A,$ $B,$ $C$
$\hat{\mathcal{A}}_{h}(I^{3})$ . 4 ,
$\hat{\mathcal{A}}_{h}(I^{3})=<A,B,C|AC=CA+BA-AB>$
, $C^{n}w,$ $w$ $A,$ $B$ , . ,
accociator $\Phi$ , $\hat{\mathcal{A}}_{h}(I^{3})$ $A,$ $B$
$C<A,$ $b>$ . $C<A,$ $b>$ ,
. ,
log $\Phi=\sum_{k=1}^{\infty}(-1)^{k-1}\frac{(\Phi-1)^{k}}{k}$
, log $\Phi$ $C<A,$ $b>$ $A,$ $B$ .
, $[A, B]=AB-BA$ .
3.4. Hexagon Pentagon, Hexagon
4 , $\Phi$ , Hexagon
. 2
. , Hexagon .















. , Kurlin [2] $L/[[L, L],$ $[L, L]]$ ,
. $L$ $A,$ $B$ .
3.5. Compressed associator $[[L, L],$ $[L, L]]$ associator
[2] complessed associator , pentagon, hexagon
. Corollary 1.6 (c) .
$\Phi\equiv\exp$ ($\sum_{n=2}^{\infty}\frac{\zeta(n)}{n}$ . $\frac{\lambda^{n}+\mu^{n}-(\lambda+\mu)^{n}}{(\pi\sqrt{-1})^{n}}$) mod $[[L, L],$ $[L, L]]$
( $\lambda^{k}\mu^{\ell}$ (ad $A)^{k-1}(adB)^{\ell-1}[A,$ $B]$ )
, $\zeta(n)$ $\zeta(3)^{p}\zeta(5)^{q}\zeta(7)^{r}$ pen-
tagon hexagon , $[[L, L],$ $[L, L]]$
, associator . (KZ associator








22 $\Phi$ $[[L, L],$ $[L, L]]$ ,
.
4. [2]
, pentagon, hexagon $Q$
. , pentagon, hexagon
$Q$
, . , pentagon, hexagon
, double shaffle .
, ,
.
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